The Ring of Invariants of O(3, Fq)  by Smith, Larry
Finite Fields and Their Applications 5, 96—101 (1999)
Article ID ⁄ta.1998.0230, available online at http://www.idealibrary.com on
1071
Copy
All riNOTE
The Ring of Invariants of O(3, Fq)
Larry Smith
AG-Invarianttheorie, Mittelweg 3A, Friedland D-37133, Germany
E-mail: larry@sunrise.uni-math.gwdg.de
Communicated by James W. P. Hirschfeld
Received April 14, 1997; revised July 7, 1998
Let p3N be an odd prime integer and F
q
be the Galois Þeld with q"pl elements.
Let Q"y2!xz3F
q
[x, y, z], which is a nondegenerate quadratic form, and denote
by O(3, F
q
) the corresponding orthogonal group. The purpose of this note is to give
a new proof of a theorem of S. D. Cohen on the structure of F
q
[x, y, z]O(3,Fq ). The
novelty of our proof lies in the description of the generators in terms of the geometry
of ovals in F
q
P (2) and Steenrod operations. ( 1999 Academic Press
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q
be the Galois Þeld with q"pl
elements. If Q3F
q
[z
1
,2 , zn] is a nondegenerate quadratic form then, up to
linear change of coordinates, Q is given by one of the following standard
forms
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NOTE 97is the quadratic character deÞned by
s (j)"G
1,
!1,
if j is a square in F
q
,
if j is not a square in F
q
.
(see, e.g. [7, Section 199). The subgroup of GL(n, F
q
) Þxing Q is denoted by
O(n, F
q
), O
‘
(n,F
q
), and O
~
(n, F
q
), respectively. These orthogonal groups act
on F
q
[z
1
,2 , zn] and their rings of invariants have been the subject of several
recent investigations [6, 5, 2, 4]. The purpose of this note is to prove the
following theorem of S. D. Cohen.
THEOREM (S. D. Cohen). If q"pl, where p is an odd prime, then
F
q
[x, y, z]O(3,Fq)"F
q
[Q, P*1 (Q),E],
where Q"y2!xz, deg (P*1 (Q))"q#1 and deg (E)"q (q!1).
The novelty of our proof lies in the use of some elementary algebraic
geometry over Þnite Þelds, in particular SegreÕs work on ovals (see [8, Chap.
8]) to describe the invariant E, and Steenrod operations [11, Chap. 10 and
11] to construct the invariant P*1 (Q).
This work was done while the author was visiting Stockholm, and the
author would like to thank Anders Bjo‹ rner of the KTH Stockholm for a very
interesting discussion on arrangements of hyperplanes, ovals, and SegreÕs
theorem.
Before beginning the proof of the theorem we set up some notations. We
denote by »"Fn
q
, an n-dimensional vector space over F
q
. The dual vector
space is denoted by »* and the projective space of » by P(» ) or F
q
P(n!1).
The graded algebra of homogeneous polynomial functions on » is denoted
by F
q
[»], or F
q
[z
1
,2 , zn] if z1 ,2 , zn is a basis for the space of homogene-
ous linear polynomials, which we identify with »*. If o :G)GL(n, F
q
) is
a representation of a Þnite group then F
q
[»]G denotes the ring of invariants.
As a general reference for invariant theory we refer to [11].
Proof of CohenÕs theorem. Let »"F3
q
and x, y, z3»* be a basis for the
linear forms. Suppose Q"y2!xz3F
q
[x, y, z] and
X"M[a, b, c]3F
q
P(2) D Q(a, b, c)"0N
is the projective variety deÞned by Q. By SegreÕs theorem [8, Lemma 7.2.3
and Theorem 8.13] is follows that X is an oval; i.e. if x
1
, x
2
,x
3
3X are three
98 NOTEdistinct points of X then the lines in F3
q
that deÞne them do not lie in any
two-dimensional subspace. Put another way, the collection of hyperplanes.
HMH
x
"Ml3»* D l (x)"0, x3XNN
is a general position arrangement [9] in »*.
A line ‚LF
q
P(2) is said to be external to X if ‚WX"0. The set of
external lines of X is denoted by ext(X ). The number of external lines is [8,
Section 8.1, Corollary 1] (q
2
)"q(q!1)/2. The orthogonal group O(3,F
q
)
acts on F
q
P(2) and both X and ext(X) are O(3,F
q
)-invariant subsets.
A line ‚LF
q
P(2) corresponds to a unique plane H
L
LF3
q
through the
origin, i.e, to a two-dimensional linear subspace of F3
q
. Hence, the set of
external lines ext(X ) of X determines a conÞguration of hyperplanes in
»"F3
q
, say
E"MH
L
D‚3ext(H)N.
A hyperplane HLF3
q
deÞnes a line l
H
L»* by the requirement:
w3l
H
8w D
H
"0
(this is just projective duality). The collection of lines in the space of linear
forms »* deÞned by
L"Ml
HL
D H
L
3EN
form an O(3,F
q
)-invariant conÞguration of lines in »*, since the original
conÞguration of external lines, ext (X ) of X, deÞnes an O(3,F
q
)-invariant
conÞguration of hyperplanes E in F3
q
. For each line in the set L choose
a nonzero linear form in the line and let e
Q
be the product in F
q
[x, y, z] of all
these linear forms. Unraveling the deÞnitions we see that e
Q
3F
q
[x, y, z] is the
pre-Euler class of the O(3, F
q
)-invariant set N (L )"Z
HL|E
l
HL
(see [13,
Section 5]), which is the underlying set of points of the conÞguration L.
From [13, Section 5] and [7, Section 194] it follows that the Euler class of
N(L) is E"e2
Q
3F
q
[x, y, z]O(3,Fq ), which is a polynomial of degree q (q!1).
Let P*1"P1 denote the Þrst Steenrod reduced power operation (see [11,
Chap. 11] or [12, Section 1] for a discussion of Steenrod operations over
a Galois Þeld and their uses in invariant theory). Then
P*1(Q)"2yq‘1!(xqz#xzq )3F
q
[x, y, z]O(3,Fq ).
Let us compute the projective variety ‰LF
q
P(2) deÞned by the ideal
J"(Q, P*1(Q ) )LF
q
[x, y, z]. The projective variety X deÞned by Q is the
NOTE 99normal rational curve
X"M[t2, t, 1], [1, 0, 0], [0, 0, 1] Dt3F]
q
N.
The points [0, 0, 1] and [1, 0, 0] both belong to ‰ because
P*1(Q ) ([0, 0, 1])"0"P*1 (Q) ([1, 0, 0]).
Moreover, a point [t2, t, 1], t3F]
q
, lies in ‰ if and only if
0"P*1(Q ) ([t2, t, 1])"2tq‘1!(tq#t)"t (2tq!tq~1!1).
Since tO0 it follows that tq~1"1 and tq"t, so dividing by t this entails
0"2tq!tq~1!1"2t!1!1"2(t!1),
and, hence, t"1. Therefore (compare [10, 2.4 and 2.7]),
‰"M[1, 1, 1], [1, 0, 0], [0, 0, 1]N
consists of three points in F
q
P(2), and the corresponding aƒne variety
‰I LF3
q
is the union of the three lines
SpanF
q
M[1, 1, 1]N, SpanF
q
M[1, 0, 0]N, SpanF
q
M[0, 0, 1]N.
These are the maximal isotropic subspaces of the bilinear form B associated
to Q (compare [10, loc. cit.]), whose matrix is
B"C
0 0 !1
2
0 1 0
!1
2
0 0 D .
The Euler class E3F
q
[x, y, z] is a product of linear forms deÞning the
conÞguration of hyperplanesE in F3
q
corresponding to the set of external lines
ext(X) of the oval XLF
q
P(2) deÞned by Q.
If, in any Þnite extension Þeld of F
q
, N(E )"Y
H|E
H intersects ‰I in
anything other than the origin, then N (E) contains one of the totally isotropic
lines ‚ of B. The corresponding projective conÞgurations ext (X) and ‰ then
have the point [‚]3F
q
P(2) in common. But ‰LX and XW ext(X)"0, so
we have a contradiction. Therefore, N (E)W‰I , which is the aƒne variety
deÞned by the ideal (Q,P*1(Q), E)LF
q
[x, y, z], consists of the origin alone.
100 NOTEHence, by [11, 5.3.7] the polynomials Q,P*1 (Q),ELF
q
[x, y, z] form a
homogeneous system of parameters. Since
deg(Q) ) deg (P*1(Q) ) ) deg(E)"2(q#1) (q (q!1))"2q (q2!1)"DO(3,F
q
) D
(see [7, Section 172]), it follows from [11, Theorem 5.5.5] that
F
q
[x, y, z]O(3,Fq )"F
q
[Q,P*1 (Q), E ]
as was to be shown. m
Our proof gives an explicit formula for e
Q
and, hence, also for E"e2
Q
. To
see this note that a line ‚L»* deÞnes a point in ext (X ) if only if the
hyperplane H
L
L» contains none of the points
(1, 0, 0), (0, 0, 1), (t2, t, 1), t3F]
q
.
If l"ax#by#cz, a, b, c3F
q
is a nonzero linear form in ‚ then this entails
0Ol (1, 0, 0)"a,
0Ol (0, 0, 1)"c,
0Ol (t2, t, 1)"at2#bt#c, t3F]
q
.
Since aO0 we can choose a unique l3‚ with a"1, so the pre-Euler class
e
Q
becomes the product of the linear forms
x#by#cz, b3F
q
, c3F]
q
such that the quadratic polynomial in u,
u2#bu#c,
has no roots in F
q
. By the quadratic formula this is the case precisely when the
discriminant b2!4c is not a square in Fq. Of the q (q!1) linear forms
Mx2#by#cz Db3F
q
, c3F]
q
N exactly half of them satisfy this condition.
Therefore,
e
Q
" <
(b,c)|Fq]F]q
s (b2~4c)/~1
(x#by#cz).
In contrast to CohenÕs proof, where his formula for E is essential to his proof,
the formula for E"e2
Q
we obtain is a byproduct of our proof.
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